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Abstract

This paper presents an e.cient alternating method for analyzing the interactions among multiple circular
holes in a two!dimensional in_nite domain[ An analytical solution is derived for a single circular hole in an
in_nite domain subjected to the arbitrary tractions across the circle boundary to achieve this purpose[ This
analytical solution correlates with a successive iterative superposition process capable of satisfying the
prescribed boundary condition for each circular hole of the problem[ In addition\ several perforated plate
problems are solved to demonstrate the proposed method|s validity[ The computed results and the available
referenced solutions closely corresponds to each other and indicates the method|s accuracy and e.ciency[
Þ 0887 Elsevier Science Ltd[ All rights reserved[

0[ Introduction

In engineering\ solving the elastic plane problems for a plate with multiple holes is of considerable
interest[ The reliable evaluation for reducing the accompanying stress concentration factor around
these holes is necessary to assure the structural integrity of the perforated plate[

A series of analytic techniques have been devoted to treat the problem of the interacting holes
in in_nite plate[ Early attempts to solve these problems were restricted to two "see\ for example\
Ling\ 0837 ^ Atsumi\ 0845 ^ Haddon\ 0856 ^ Kienzler and Zhuping\ 0876 ^ Greenwood\ 0878# or
periodic set "see\ for example\ Isida and Igawa\ 0880 ^ Meguid et al[ 0885# of equal holes[ In
addition\ Horii and Nemat!Nasser "0874# and Meguid and Shen "0881# used the complex potentials
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and the appropriate superposition procedure to formulate the approximate solutions for the
calculation of the stress _eld in a solid containing any number of holes[ However\ these inves!
tigations were restricted to the coaxial distributions of holes of various sizes or random distributions
of equal holes in in_nite domain[ Bird and Steel "0880\ 0881# used the Fourier series procedure to
solve the two!dimensional bi!harmonic and harmonic equations on multiply connected circular
domains[ The number of studies for the elastic problems of multiple holes with arbitrary dis!
tributions and various sizes are still limited[

Recently\ the alternating method "Kantorovich and Krylov\ 0853# has been successfully used to
analyze a number of two!dimensional and antiplane fracture problems with multiple cracks
arbitrarily distributed in in_nite domains "Chen and Chang\ 0889 ^ Ting et al[\ 0883\ 0884#[
Nevertheless\ this e.cient procedure has paid little attention to the issue of the perforated plates[
Thus\ the extension of the previous works to analyze the interactions among the arbitrary dis!
tribution of multiple circular holes with various sizes is very interesting\ and is the main objective
of this work[

In the process of the alternating method\ an analytical solution of the single circular hole in the
in_nite domain subjected to the arbitrary surface tractions over the circumference of the hole must
be obtained[ Although this analytic solution has been solved by the Muskhelishvili "0842# complex
method in general forms\ the elastic solutions corresponding to the arbitrary tractions expressed
by the traditional trigonometric Fourier series are completely derived using Airy stress function
for the purposes of simplicity and e.ciency[ These analytical solutions are then used for the
successive iterative superposition procedures to satisfy the prescribed boundary conditions[

The validity of the present work is veri_ed by analyzing several problems of multiple holes with
di}erent sizes and arrangements[ The interactions among holes are studied in detail[ The results
were compared with other reference solutions to show that with simple technique and minimum
computing e}ort they are capable of obtaining accurate stress concentration factor[

1[ Analytical solution for a hole with arbitrary surface tractions in an in_nite domain

Figure 0 shows an in_nite domain with a circular hole of radius R and center at X � 9 and
Y � 9[ The hole surface is subjected to an arbitrary normal force Tr"u# and shear force Tu"u#[ For
the plane stress problem neglecting the body forces\ the stresses are derived from Airy stress
function F satisfying the bi!harmonic equation
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The stress components relative to the polar coordinates are

sr � r−0F\r¦r−1F\uu\ su � F\rr\ tru � −"r−0F\u#\r

The radial and tangential loads on the hole surface can be expressed by the trigonometric Fourier
series as
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Fig[ 0[ Arbitrary normal and shear load applied to the hole boundary in an in_nite domain[
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The Airy stress function can be assumed as

F � "a9¦c9#" f0 ln r¦f1r
1 ln r¦f2r

1#¦c9" f3r sin u¦f4r cos u¦f5u#

¦" f6r
2¦f7r¦f8r

−0¦f09r ln r#ð"a0¦d0# cos u¦"b0¦c0# sin uŁ

¦f00ruð"a0¦d0# sin u¦"b0¦c0# cos uŁ

¦ s
n

m�1

ð f01r
m¦1¦f02r

m¦f03r
−m¦f04r

−"m−1#Ł ð"am¦dm# cos"mu#¦"bm¦cm# sin"mu#Ł

where fi are undetermined constants[ Using the boundary conditions sr � −Tr or tru � −Tu at
r � R and the stresses approach zero as r tend to in_nity\ and the compatibility conditions of the
displacement components\ the stress and displacement components can then be completely derived
as follows ]
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where A �"0−n#:3\ B �"2¦n#:3\ C � 0¦n\ D �"0−n1#:7\ F �"0−n#1:3\ G �"2¦n#"0¦n#:7\ E
is Young|s modulus and n is the Poisson|s ratio[

2[ Alternating method solving multiple holes in an in_nite domain

Consider a two!dimensional in_nite solid containing k circular holes under far_eld uniform
stresses\ as shown in Fig[ 1"a#[ This problem can be expressed as a superposition of two cases\ as
illustrated in Fig[ 1"b# and 1"c#[ Figure 1"b# represents the case when external forces are acting on
the in_nite plane without any holes and Fig[ 1"c# the case with multiple circular holes under the
_ctitious tractions along the hole boundaries[ Hence\ based on the analytical solution of a circular
hole under arbitrary surface tractions in an in_nite plate derived in the previous section\ the
iterative processes of the alternating method\ illustrated in Fig[ 2\ can be stated as follows ]

"0# Consider the arbitrary load distributions Ti
j on the boundary surface of the circular hole j

" j � 0\ 1\ [ [ [ \ k# for the iterative cycle i by Fourier series represented\ as shown in Fig[ 2"a#[
Ti

j can be written in matrix form as

ss13662

Fig[ 1[ Superposition scheme for the alternating method[
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Fig[ 2[ Alternating procedures[
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where the matrix ðAŁij consists of the coe.cients of Fourier series for the jth hole for the ith
iteration[ The superscript T designated the transpose of the matrix[

"1# Using the analytical solution obtained in the previous section\ the interactive residual tractions
ti0n induced by hole 0 at an imaginary hole n "n � 1\ 2\ [ [ [ \ k# can be computed "see Fig[ 2"b##[
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Thus\ the original loading force Ti
1 of the hole 1 "shown in Fig[ 2"c## must minus the interactive

residual tractions ti01 that is the in~uence of the hole 1 induced by hole 0\ i[e[\ Ti
1−ti01[ And

the residual tractions of the other holes corresponding to these residual tractions are ti1n

"n � 0\ 2\ 3\ [ [ [ \ k#[ In general\ the residual tractions for hole k is Ti
k−ti0k−ti1k−= = =−ti"k−0#k\

and the corresponding coe.cient matrix is

ðAŁik−ðAŁi0k−ðAŁi1k−= = =−ðAŁi"k−0#k

The superposition procedure can be repeated with the next residual loads Ti¦0
j for the iterative

cycle i¦0\ as shown in Fig[ 2" f#[ The residual loads and the corresponding coe.cient matrix
will be reduced after each cycle of the iteration and may be expressed as
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"2# Once the ratio of residual stresses is released:permissible stress for each hole becomes smaller
than a small value g\ say

s
k
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=Ti¦0
j =:S ³ g\ g � 9[990

Here S is the initial stresses applied on hole surfaces[ When the iteration is _nished\ step 4 is
to be executed[ If the tractions are not negligible\ the iteration is not complete and therefore
goes to step 3[

"3# Repeat all the iteration procedures "i[e[ step 0 to step 2# until the residual tractions on each
hole are negligible\ considering the residual tractions of step 1 as newly applied loading acting
on each hole surface[

"4# Evaluate the _nal stress components and stress concentration factor[

3[ Results and discussion

A novel alternating method is proposed in this study\ the validity of which was tested using a
number of examples of an in_nite domain with two or multiple circular holes with various sizes
and arbitrary distributions[ The solutions developed are compared with the works of Haddon
"0856#\ Horii and Nemat!Nasser "0874# and Meguid and Shen "0881#[ Also\ the e}ects of the
interactions among multiple holes on the stress concentration factor at the boundaries of the
circular holes were studied and presented[

3[0[ Two circular holes in an in_nite domain

Problems of an in_nite domain with two equal or unequal co!axial circular holes are shown in
the upper right corner of Figs 3Ð09\ under far_eld uniform stresses s[ The holes 0 and 1 with radii
a0 and a1 are named as main and defense holes\ respectively[ The origin of global axes X and Y is
at the center of the main hole 0[ The inclination of the defense hole corresponding to the main
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Fig[ 3[ The variation of the normalized tangential stress at the boundary of the main hole as a function of u for di}erent
proportionality constants a with the two equal holes con_guration "b � 9>#[

hole is b[ The distance between the centers of the two holes is a0¦a1¦aa0\ where a is the
proportionality constant[ The e}ects of two interacting holes on the stress distributions as a
function of a and b are discussed as follows[

"0# First\ two holes of equal sizes in an in_nite domain were considered[ The far_eld simple
tension is applied in the Y!direction[ The interaction between two holes was studied using _ve sets
of a with values 9[1\ 9[3\ 0[9\ 3[9 and 09[9[ Figures 3 and 4 depict the computed normalized
tangential stresses su:s along the circular boundary for two angles of inclination b � 9> "i[e[\ two
collinear holes normal to the loading direction# and b � 89> "i[e[\ two collinear holes along the
loading direction#[ The results of the present alternating method are in close agreement with the
reference solution of Horii|s "0874#\ as evident in the two _gures[ The maximum and minimum
normalized tangential stresses\ and the corresponding locations u "in degrees# are listed in Table
0[ Again\ the values are consistent with those of Haddon "0856#[ When two holes are nearly close
to each other "i[e[ a � 9[1#\ the main hole was found to have a larger normalized tangential stress\
namely 5[096\ when the loading is normal to the two collinear holes[ The peak value indicates that
when the holes are very close\ their interactive e}ects are strong[ When two holes become separated
by an appropriate distance "i[e[ a � 09[9#\ the results for b � 9> and b � 89> were observed to have
almost the same value[ This phenomenon suggests that the interactive e}ect between the two holes
is insigni_cant when a � 09[9[ Figure 5 illustrates the calculated stress concentration factor "SCF#\
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Fig[ 4[ The variation of the normalized tangential stress at the boundary of the main hole as a function of u for di}erent
proportionality constants a with the two equal holes con_guration "b � 89>#[

the maximum normalized tangential stress su:s along the boundary of hole\ vs the inclination b of
the defense hole to the main hole\ corresponding to each value of a chosen for the present study[
Superposed on this _gure are the solution given in Meguid and Shen "0881# for a � 0[9[ The
maximum and minimum of SCF\ for the inclinations b0 and b1 of the defense hole to the main
hole\ for each value of a are listed in Table 1[ The closer the two holes are\ the larger the
normalized tangential stresses are[ If the inclination is in some range\ SCF can be less than the
stress concentration factor k9 � 2[9 for a circular hole in in_nite domain "Timoshenko and Goodier\
0869#[ These ranges of inclination are also shown in Table 1[

"1# Two collinear holes of unequal size in an in_nite domain when subjected to a normal far_eld
loading and a parallel one\ i[e[ b � 9> and b � 89>\ are studied[ The stress concentration factors
of the main hole are a}ected by _ve di}erent defense hole sizes\ 9[1a0\ 9[3a0\ 9[5a0\ 9[7a0 and 0[9a0\
as functions of the proportionality constants a and are depicted in Figs 6Ð09[ The curves for the
size of defense hole 9[1a0 vs a � 9[1\ 9[7 and 1[9 shows perfect agreement with those of Horii and
Nemat!Nasser "0874#[ Consider the case b � 9> ^ Fig[ 6 suggests that the increase in the size of the
defense hole would result in the increase of the stress concentration factor of the main hole[ Figure
7 indicates that SCF of the defense hole is independent of the hole size[ Furthermore\ the role of
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Fig[ 5[ The variation of SCF at the main hole as a function of inclination angle b for di}erent proportionality constants
a with the two equal holes con_guration[

the defense hole becomes insigni_cant "i[e[ =SCF−k9=:k9 ³ 9[94# if the proportionality constant a

exceeds 0[2[ The phenomenon of SCF of the main hole in the case of b � 89> is contrary to that
of b � 9>[ Figure 8 suggests that the increase in the size of the defense hole reduces SCF at the
main hole[ The interaction between the main hole and the defense hole is irrelevant when a exceeds
3[5[

3[1[ Three collinear circular holes in an in_nite domain

The upper panel of Fig[ 00 illustrates the case of an in_nite domain with three equal or unequal
collinear circular holes\ under far_eld uniform stress s in the Y!direction[ The central hole 0 is
denoted as a main hole and the others are defense holes with radii a0 and a1\ respectively[ The
origin of global axes X and Y is at the center of the main hole 0[ The inclination of the defense
hole to the main hole is b[ The distance between the centers of the two holes is a0¦a1¦aa0[
Following is a discussion of the iterations among multiple holes on the stress distributions as a
function of a and b[

Consider _ve di}erent distances aa0\ with a � 9[1\ 9[3\ 0[9\ 3[9 and 09[9\ among three equal
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Fig[ 6[ SCF at the main hole as a function of a corresponding to di}erent sizes of defense hole for two holes con_guration
"b � 9>#[

collinear circular holes[ The variations of SCF at the main and defense holes with the inclination
angle b are illustrated in Figs 00 and 01[ The results of SCF at the main and defense holes for
b � 9> and b � 89>\ and for the center distance 2a0 calculated by Meguid and Shen "0881# _ts
perfectly to the curves obtained from our calculation[ Those values of b0 and b1 for the main and
defense holes which make SCF maximum and minimum\ respectively\ are listed in Table 2[ For
the main hole\ the variations of SCF vs the inclination b from 64Ð094> are not signi_cant[

For di}erent sizes of the defense hole\ the variations of SCF with the distance between the
centers of the holes subjected to the far_eld loads normal and parallel to three collinear holes are
depicted in Figs 02Ð05[ These curves closely resemble those of two unequal holes as shown in Figs
6Ð09[ In the case of b � 9>\ SCF of three holes is higher than those of two holes due to the e}ect
of a higher number of holes[ If the size of the defense hole is very small compared with the main
hole\ the e}ect of the defense hole cannot be reached even though the three holes are very close[
On the contrary\ when the holes are located parallel to loading "i[e[ b � 89>#\ the SCF of three
holes is smaller than that of two holes[ On the other hand\ the interactions between the main hole
and the defense hole shown in Figs 02 and 04 becomes insigni_cant when a exceeds 0[6 and 6[8\
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Fig[ 7[ SCF at the defense hole as a function of a corresponding to di}erent sizes of defense hole for two holes
con_guration "b � 9>#[

respectively[ The results of the proposed method are in good agreement with the reference solution
for three equal holes calculated by Meguid and Shen "0881#[

3[2[ Multiple holes in an in_nite domain

Consider a square arrangement with a central hole[ Five di}erent ratios of the sizes of the main
and the defense holes\ namely\ a1:a0 � 0[9\ 9[7\ 9[5\ 9[3\ 9[1 and a1 � a2 � a3 � a4\ were selected to
study the interactions among holes[ Figures 06 and 07 show the variation of SCF at the main hole
and the defense hole\ respectively\ with the proportionality constant a corresponding to the _ve
size ratios[ The reference solution of Meguid and Shen "0881# for the case a � 0[9 and a1:a0 � 0 is
in agreement with the present results[ These _gures show that the SCF at the main hole increases
with the increase in the size of the defense hole[ However\ if the value of a is larger than 7[1\ the
e}ects of the defense holes can be neglected[

4[ Conclusions

In this work\ the general analytical solution for arbitrary radial and tangential force distributions
on the surface of the hole in an in_nite domain is successfully derived[ Based on this solution\ the
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Fig[ 8[ SCF at the main hole as a function of a corresponding to di}erent sizes of defense hole for two holes con_guration
"b � 89>#[
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Fig[ 09[ SCF at the defense hole as a function of a corresponding to di}erent sizes of defense hole for two holes
con_guration "b � 89>#[



K[ Tin` et al[ : International Journal of Solids and Structures 25 "0888# 422Ð445 436

Table 0
The maximum and minimum normalized tangential stresses\ and the corresponding locations u "in degrees# for the two
equal holes con_guration

su:s a � 9[1 a � 9[3 a � 0[9 a � 3[9 a � 09

b � 9> Maximum Present 5[096 3[312 2[153 2[919 2[991
"9[9># "9[9># "9[9># "079[9># "079[9>#

Haddon 5[095 3[312 2[153 2[919 2[992
"9[9># "9[9># "9[9># "079[9># "079[9>#

Minimum Present −9[851 −9[813 −9[775 −9[819 −9[863
"77[2># "78[6># "80[0># "89[5># "89[0>#

Haddon −9[851 −9[813 −9[775 −9[819 −9[863
"77[7># "78[6># "80[0># "89[5># "89[0>#

b � 89> Maximum Present 1[500 1[508 1[549 1[716 1[837
"074[5># "074[3># "073[5># "070[2># "079[1>#

Haddon 1[500 1[508 1[549 1[716 1[837
"074[5># "074[3># "073[5># "070[2># "079[1>#

Minimum Present −9[807 −9[894 −9[785 −9[839 −9[868
"169[9># "169[9># "169[9># "169[9># "169[9>#

Haddon −9[807 −9[894 −9[785 −9[839 −9[868
"169[9># "169[9># "169[9># "169[9># "169[9>#

Table 1
The maximum and minimum SCF corresponding to various values of a for b0 and b1 with the two equal holes
con_guration

Maximum SCF Minimum SCF
Range of b

a b0 SCF b1 SCF "SCF ³ k9#

a � 9[1 11 5[450 89 1[500 79Ð89
a � 9[3 15 4[055 89 1[508 68Ð89
a � 0[9 17 3[907 89 1[549 65Ð89
a � 3[9 22 2[064 89 1[716 57Ð89
a � 09 24 2[926 89 1[837 53Ð89

Table 2
The maximum and minimum SCF corresponding to various values of a for b0 and b1 with the three equal holes
con_guration

Main hole Defense hole

Maximum Minimum Maximum Minimum
Range Range

a b0 SCF b1 SCF "SCF ³ k9# b0 SCF b1 SCF "SCF ³ k9#

a � 9[1 12 6[531 64 0[886 58Ð89 13 6[410 89 1[416 71Ð89
a � 9[3 16 4[748 61 1[949 55Ð89 17 4[668 89 1[439 70Ð89
a � 0[9 18 3[236 89 1[155 48Ð89 29 3[204 89 1[470 66Ð89
a � 3[9 23 2[152 89 1[544 59Ð89 22 2[110 89 1[689 57Ð89
a � 09 26 2[952 89 1[785 59Ð89 24 2[935 89 1[824 53Ð89



K[ Tin` et al[ : International Journal of Solids and Structures 25 "0888# 422Ð445437

ss136611

Fig[ 00[ The variation of SCF at the main hole as a function of inclination b for di}erent proportionality constants a

with the three equal holes con_guration[
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Fig[ 01[ The variation of SCF at the defense hole as a function of inclination b for di}erent proportionality constants a

with the three equal holes con_guration[
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Fig[ 02[ SCF at the main hole as a function of a corresponding to di}erent sizes of defense hole for three holes
con_guration "b � 9>#[
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Fig[ 03[ SCF at the defense hole as a function of a corresponding to di}erent sizes of defense hole for three holes
con_guration "b � 9>#[
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Fig[ 04[ SCF at the main hole as a function of a corresponding to di}erent sizes of defense hole for three holes
con_guration "b � 89>#[
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Fig[ 05[ SCF at the defense hole as a function of a corresponding to di}erent sizes of defense hole for three holes
con_guration "b � 89>#[
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Fig[ 06[ SCF at the main hole as a function of a corresponding to di}erent sizes of defense hole for _ve holes
con_guration[



K[ Tin` et al[ : International Journal of Solids and Structures 25 "0888# 422Ð445 444

ss136618

Fig[ 07[ SCF at the defense hole as a function of a corresponding to di}erent sizes of defense hole for _ve holes
con_guration[

alternating method is formulated and applied to analyze the perforated problems with multiple
holes under arbitrary loading[ The interaction e}ects among holes can be accurately evaluated
through very simple iteration procedure even when the holes are very close[ This work can further
be extended to analyze multiple holes distributed in a _nite plate associated with the _nite element
method or boundary element method\ and will be presented in the near future[
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